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1. INTRODUCTION
In this paper we are concerned with existence of spatially inhomo-
geneous stable stationary solutions (herein referred to as patterns, for
short) to the diffusion problem
v
t
=div[k(x) {v]+ f (v), (t, x) # R+_0
(P)
v
&
=0 on R+_0,
where 0 is a bounded domain in RN, N2, with C 3 boundary 0, the dif-
fusivity k is a positive function in C2, #, 0<#<1, and & denotes the out-
ward normal derivative. Also f is a function in C 1(R) which satisfies
f (a)= f (b)= f (0), for some constants a and b, a<0<b, and
f $(0) v f (v)<0, for v # (a, 0); 0< f (v) f $(0) v, for v # (0, b) (f1)
and
| f (v)|:+; |v|_, with 1_<
n+2
n&2
, if n3 and 1_< if n=2.
(f2)
For the particular case in which 0 is a convex domain and the diffusivity
k is a constant function, well-known results (see [M, CH]) assure us that
(P) does not have patterns. Therefore the existence of patterns for (P) is
solely due to a suitable diffusivity function.
Article ID jdeq.1998.3579, available online at http:www.idealibrary.com on
231
0022-039699 30.00
Copyright  1999 by Academic Press
All rights of reproduction in any form reserved.
Our main goal in this work is to exhibit a class of diffusivity functions
which, regardless of the shape of 0, allows for the existence of patterns
for (P).
By considering (P) as a singularly perturbed problem where the dif-
fusivity is given by =k(x), = a small positive parameter, the existence of pat-
terns which develop boundary transition layers and spikes was studied in
[N1]. The case in which these patterns develop internal transition layers
was studied for a more general equation in [N2], using an approach based
on 1-convergence. See also [N3, N4].
Problem (P) was considered in [M] for the case in which k is a constant
function. Therein the author resorted to the shape of 0 to produce pat-
terns. Therefore the geometric structure of the patterns found here is dif-
ferent from the geometric structure of the ones found in [M].
Actually the technique we use here stems from the one presented in [M],
where after finding a invariant set for the flow, the monotonicity property
of the flow as well as property (S) (see [M, p. 431]), which is based on
Zorn’s lemma, were used.
Our approach is different since after finding an invariant set we only use
basic results for the flow and variational techniques to show existence of a
local minimiser of the energy functional in this invariant set. This local
minimiser turns out to be a stable stationary solution to (P).
The very same analysis still go through for the case in which the trivial
equilibrium solutions a and b are positive, i.e., 0<a<b and the reaction
term is replaced by a spatially inhomogeneous term s(x) f (v), where s(x) is
a positive continuous function.
Problem (P) appears as a mathematical model in many distinct areas
and just for the sake of illustration as well as interpreting the results from
a physical point of view, let us suppose that v models the time evolution
of the concentration of a diffusing substance in a medium whose diffusivity
is given by k(x), x # 0 and under the effect of a source term f, when
0<a<b.
Then typically, as far as the existence of patterns in higher space dimen-
sion is concerned, the diffusivity is small on a closed surface S/0. But this
is not sufficient and another condition on the behavior of k(x), has to be
imposed.
In [N2N4] this condition relates the slope and concavity of k(x), along
the normal to S, to the Gaussian and mean curvatures of S. Herein, as long
as the areas of the negative and positive bumps of f are the same (the
equal-area condition), it is only required that k(x) be large on two smooth
arbitrary sets, O i and Oe , one on each side of S. If the equal-area condition
does not hold then our argument still applies but then Oi _ Oe tends to fill
all of 0, as the least area of the two bumps approaches half of the largest
one.
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This surface works as a barrier that prevents a suitable initial concentra-
tion from spreading homogeneously in space, as it evolves in time, and
eventually settling down in a uniform concentration.
The problem treated herein have been considered by many authors for
the one dimensional case, but in most of the cases the techniques used are
not suitable for generalization to higher space dimensions. For that matter
the reader is referred to [FH, Y, HR, N1], for instance.
2. NOTATION, PRELIMINARIES AND MAIN RESULT
We begin with some definitions and known results which are going to be
used later.
If v(t, x; v0) stands for the solution of (P) which satisfies v(0, x; v0)=v0
then by setting T(t) v0=v(t, x; v0), T(t) defines a dynamical system (non-
linear semigroup) on La, b(0) & C(0), where L

a, b=[, # L
 : a,b].
See [M], for instance.
If the orbit [v(t, x; v0)] t0 is relatively compact then denoting by |(v0)
the |-limit set of [T(t)v0] t0 , i.e.,
|(v0) ]
[v0 # C1(0 ) & C2(0) such that _[tn], tn ww
n   with v(x, tn ; v0) ww
n   v0]
it holds that |(v0) is nonempty, compact, invariant and connected. See
[H], for instance.
Also, given a C1-functional J: H1(0)  R we say that v0 is a local mini-
miser for J if there is +>0 such that
J(v0)J(v)
for any v # B+(v0)=[u # H 1(0) : &u&v0&H1+].
Throughout this paper the following inner product in H1(0) will be used
(u, v)H1(0) ] |
0
(k {u {v+uv) dx.
Also by a stationary solution of (P) we mean a solution of the elliptic
problem
div[k(x) {v]+ f (v)=0 in 0
(2.1)v
&
=0 on 0.
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A stationary solution v of (P) is said to be stable (in the sup norm) if
for any =>0, there exists $>0 such that T(t)  exists for all t>0 and
&T(t) &v&L(0)<=, 0<t<, for any  # C(0) & L(0)
which satisfies &&v&L(0)<$.
If in addition to the property above it also holds that
lim
t  
&T(t) &v&L(0)=0
then v is said to be strongly stable.
Let F(v)=v0 f. Then F(v)0 in avb and F assumes its maximum
value at either v=a or v=b. We set throughout this paper
FM ] max[F(a), F(b)] and Fm ] min[F(a), F(b)].
Also
km, i ] inf
x # O i
k(x), km, e ] inf
x # O e
k(x).
Let now S/0, be a smooth compact (n&1)-dimensional manifold and
0=0e _ 0i _ S, where 0 i is the open region enclosed by S and
0e=0"(0i _ S).
Suppose also that there are two subsets Oi and Oe satisfying O i /0i ,
O e /0e with C1 boundaries Oi and Oe and such that on each of which
Poincare ’s second inequality holds, i.e., for any v # H1(O i),
|
Oi
|{v|2*2(Oi) |
Oi
|v&v |2, where v =
1
|O i | |Oi v
and for any u # H1(Oe),
|
Oe
|{u|2*2(Oe) |
Oe
|u&u |2, where u =
1
|Oe | |Oe u,
where |.| denotes the Lebesgue measure.
Note that *2(Oi) is just the second eigenvalue of the Laplacian with
Newmann boundary condition, with a similar remark for *2(Oe).
Let also J stand for the following energy functional acting in H1(0),
J[v]=|
0
[ 12 k(x) |{v|
2&F(v)] dx.
By virtue of ( f2), J is C 1 in H1(0). Our next task is to find a suitable
invariant set for the flow T(t).
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Lemma 2.1. Let
=0 ] FM min { |Oi | min {*2(Oi ) km, if $(0) , 1=, |Oe | min {
*2(Oe) km, e
f $(0)
, 1== .
If the set
W ]
{v # C1(0 ) & C2(0) : avb on 0 , |0i v<0, |0e v>0, J[v]<=0&FM |0|=
is nonempty then W is invariant under the flow defined by (P), i.e., if | # W
then T(t) | # W, for t0, where T(0) |=|.
Proof. If | # W then maximum principle results imply that a
T(t) |b, for t0. Since
d
dt
J[T(t) |]=&|
0 {

t
T(t) |=
2
dx,
for 0<tt0 , it follows that J[T(t) |]<=0&FM |0|. Next suppose that
Oi T(t) | dx<0, t0, does not hold. Therefore by the continuity of T(t) |
in t, there is t1>0 such that
|
Oi
T(t1) | dx=0.
Setting for simplicity |1=T(t1) |, our hypotheses imply
|
0"Oi {
k(x)
2
|{|1 | 2&F(|1)= dx&FM |0"Oi |.
Hence,
|
Oi {
k(x)
2
|{|1 |2&F(|1)= dx=J(|1)&|0"Oi{
k(x)
2
|{|1 | 2&F(|1)= dx
<=0&FM |0|+FM |0"O i |==0&FM |Oi |
This along with Poincare ’s inequality and the fact (derived from ( f1))
that ( f $(0) |21 2)F(|1), yield
=0&FM |O i |>\km, i *2, if $(0) &1+ |Oi F(|1).
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If (km, i *2, i)< f $(0) then =0>FM |Oi |(km, i *2, i  f $(0)) and in the case that
(km, i *2, i) f $(0), we obtain =0>FM |Oi |, where we have used that
Oi F(|1) dxFM |Oi |.
In either case, it holds that =0>FM |Oi | min[(km, i *2, i  f $(0)) , 1] which
is against the definition of =0 .
Similarly the other inequality can be proved. Our main result will be
stated in the following theorem.
Theorem 2.1. Under the assumptions and notation of Lemma 2.1 if W is
nonempty then (P) possesses at least one stable stationary solution in the
set W.
Proof. Since by hypothesis W is nonempty, we take a function |0 in W.
With =0 and FM as above, we define
J0 ] =0&FM |0|
and
Wc ] {v # W : J[v]J0+J[w0]2 = .
It follows that
(i) Wc is nonempty.
(ii) Wc is positively invariant with respect to the flow defined by (P).
(iii) T(t) defines a dynamical system on Wc , with the induced topol-
ogy of L(0).
(iv) If v0 # Wc then |(v0) is a nonempty connected compact
invariant set in C1(0 ) & C2(0).
(v) The set EWc ] [|-limit point of the orbit [T(t) v0] t0 , v0 # Wc]
satisfies
EWc={, # Wc : ddt J[,(t, x; } )]=0==[, # Wc : , satisfies (2.1)].
Clearly |0 # Wc . As for (ii) it follows from the fact J is nonincreasing
along the flow T(t); (iv) is proved in [M] and (iii) and (v) can be found
in [H], for instance.
If EWc is a singleton then next step can be skipped. Otherwise set
+=inf[J[v], v # EWc],
where + is finite for J is bounded from below in W.
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It is our goal now to show that J attains its infimum in EWc . That would
be straightfoward if EWc were compact in Wc , with the induced topology
from H1(0).
To this end we take a minimising sequence [vj] in EWc , that is,
J[vj]  +, as j  .
Clearly &vj &H1(0) is bounded from above and therefore there is a sub-
sequence, still labeled [vj], such that:
(c1) vj w(
| v0 in H1(0) (weak convergence)
(c2) vj  v0 in L2(0)
(c3) vj  v0 a.e. in 0
for some v0 # H1(0). Taking into account (c3) and the fact that avjb
in 0, it follows, using the Lebesgue Convergence Theorem that
|j ] f (vj)  f (v0) ] |0 in L2(0).
Since each vj satisfies (2.1), it is also a weak solution of (2.1) in H1(0),
in the sense that
|
0
k{vj{.=|
0
f (vj) ., \. # H1(0).
The above equality can be written as
(vj , .)H1(0)&(vj , .)L2(0)=(wj , .)L2(0) , \. # H 1(0).
At last we resort to (c1), (c2) and the fact that wj w(
| w0 in L2(0) to
deduce that v0 is a weak solution (H 1-sense) of
div[k {v]+ f (v)=0.
A bootstrap argument now yields v0 # C2, :(0), 0<:<1. Also a standard
procedure in elliptic equation theory implies that v0 &=0 on 0.
Actually by our hypotheses on f and 0 it holds that v0 is a classical solu-
tion of (2.1), i.e., v0 # C1(0 ) & C2(0).
An application of the maximum principle yields a<v0(x)<b, \ x # 0 .
Since vj ( v0 in H 1(0) and J is weakly lower semicontinuous in the
H1-topology it follows that J[v0](12)(J0+J(|0)). Also Oi v00 and
Oe v00. As before in order to see that in neither case equality does not
hold suppose, for instance, that Oe v0=0. Since J(v0)<J0 , we argue as in
the proof of Lemma 2.1 to obtain a contradiction using the definition of =0 .
Altogether these properties imply that v0 # Wc .
We claim now that v0 is a local minimiser for J in H 1(0). Let us argue
by contradiction. If the claim were false then for any positive =, there would
exist a function v= in B=(v0) such that J[v=]<J[v0].
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Since B=(v0) is weakly compact in the H1-topology and J is weakly lower
semicontinuous, there would exist v1, = # B=(v0) such that
J[v1, =]=inf[J[v], v # B=(v0)]J[v=]<J[v0]. (2.2)
Define 4: H1(0)  R by 4(v)=(12) &v&v0&2H1&=, where
&v&2H1=|
0
[k(x) |{v| 2+|v| 2] dx.
Then v1, = minimises J on
M ] [v # B=(v0) : 4(v)=0].
Moreover M is a C 1-submanifold of codimension 1 and since J is C1 it
follows that there is a Lagrange multiplier *=0 (see [F2]) such that
(J$(v1, =), ‘) H*, H1=*=(4$(v1, =), ‘) , \‘ # H 1(0),
where H* stands for the dual of H 1(0).
Keeping in mind that v0 satisfies (2.1) we obtain
|
0
[(*=&1) k(x) {v1, = } {‘+(*=v1, = +f (v1, =)) ‘] dx
=*= |
0
[&{ } (k {v0)+v0] ‘ dx, \‘ # H 1 .
This means that v1, = satisfies in the H 1-sense:
&(*=&1) { } (k {v1, =)+*=v1, ==&f (v1, =)+*=[ f (v0)+v0].
By virtue of ( f2), f (v1, =) and f (v0) are in L2(0) and since *=0 (essential
here) a standard regularity argument yields v1, = # C2, :(0 ) and as such the
directional derivative v1, = n^1 is defined a.e. on 0 since 0 is C3 .
Integrating by parts,
(*=&1) |
0
‘k {v1, = } & dS+|
0
[&(*=&1) { } (k {v1, =)+*=v1, =+ f(v1, =)] ‘ dx
=*= |
0
[&{ } (k {v0)+v0] ‘ dx, \‘ # H 1(0).
As usual now we take ‘ # H 10(0) to conclude that v1, = satisfies
&(*=&1) { } (k {v1, =)+f (v1, =)=&*={ } (k {v0)+*=(v0&v1, =)
and substitute back to obtain {v1, = } n^1=0 on 0.
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Since v0 satisfies (2.1), after some computation we further obtain
(*=&1) { } [k{(v1, =&v0)]&*=(v1, =&v0)=[ f (v1, =)& f (v0)]
{(v1, =&v0) } n^1=0 on 0.
Recalling that *=0, we now resort to L p and Schauder estimates to
conclude that &v1, =&v0&C(0 ) can be made as small as wanted by taking =
smaller, if necessary.
Hence a<v1, =(x)<b, \x # 0 , since a<v0(x)<b, \x # 0 . A similar argu-
ment was used in [F1].
Note that this could not have been obtained via maximum principle, as
in the former case, for v1, = may not satisfies (2.1).
Once again the map I: C(0 )  R defined by I(v)=0 v, C(0 ) endowed
with the sup norm, is continuous and therefore Oi v1, =>0, Oe v1, =<0 , for
v0 satisfies the very same conditions.
Finally from (2.2) we have
J[v1, =]J[v=]<J[v0]
J0+J[|0]
2
,
since v0 # Wc . Henceforth v1, = # Wc and as such the |-limit set |(v1, =) is
nonempty, lies in EWc and for any t>0 we have
J[v1, =]J[T(t) v1, =]J[|(v1, =)]J[v0],
by definition of v0 and from the fact that J is decreasing along any orbit
starting off in Wc .
Thus
J[v=]J[v1, =]J[|(v1, =)]J[v0],
which is against our hypothesis and so our claim is proved, i.e., v0 is a local
minimiser of J in H 1(0).
Thus v0 satisfies (2.1) and
(J"[v0] , ) 0, \ # H 1(0). (2.3)
Consider now the linearized eigenvalue problem:
div[k(x) {]+ f $(v0) =* , x # 0
(2.4)

&
=0 on 0.
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Denoting by [*n]n=1, 2, ... the sequence of eigenvalues of (2.4) then, from
(2.3) and the variational characterization of the eigenvalues, *n0,
n=1, 2, ... . Furthermore by a well-known application of the KreinRutman
theorem, *1 is a simple eigenvalue of (2.4).
If *1<0 then it follows from a classical result from semigroup theory
that v0 is strongly stable. Now if *1=0 then it would be a simple eigen-
value and there would be a local onedimensional critical manifold Mc(v0),
tangent to [1] (the eigenspace spanned by the principal eigenfunction
1), at v0 , such that if v0 is stable in Mc(v0) then it is also stable in L(0).
See [H, Theorem 6.2.1], whose proof can be adapted to our case. But now
the stability of v0 in the local onedimensional critical manifold Mc(v0) is
guaranteed by the fact that [T(t)]t0 defines a gradient flow in W. This
concludes the proof of Theorem 3.1. K
Remark. In the case *1=0 it actually holds that Mc(v0) is uniformly
asymptotic stable with asymptotic phase. See [H, Chap. 6].
3. ILLUSTRATION OF A CLASS OF DIFFUSIVITY FUNCTION
Our goal in this section is to show that the invariant set W is nonempty,
i.e., that the conditions characterizing W are realizable. Note that the proof
of Theorem 2.1 relied heavily upon the existence of a function |0 # W.
Since C1(0 ) & C 2(0) is dense in H 1(0) it suffices to exhibit a function |0
in H 1(0).
Using the notation of Section 2, we additionally define the signed
distance function by
d(x) ] { dist(x, S)&dist(x, S )
if x # 0 i
if x # 0e
,
where dist(x, S) denotes, as usual, the distance function.
Also define
Q$ =
def [x # 0 : |d(x)|<$2], Q+$ =0i & Q$ , and Q
&
$ =0e & Q$ .
Then there is $>0 such that the map
 : Q$  S_(&$2, $2)
defined by (x)=( y, d(x)), y # S, is a diffeomorphism. If n^( y) is the unit
inner normal to S at y, then x and y are related by x= y+n^( y) d. Further-
more d: Q$  R is Lipschitz continuous and |{ d(x)|=1, a.e. in Q$ .
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Next define a function !: R ( R by
!(t)={
a, if t($2)
a+b
2
+
(b&a)
$
t, if &($2)<t<($2)
b, if t &($2),
and take |0(x)=!(d(x)). Clearly |0 # H1(0), a|0b, and satisfies
Oi |0>0, Oe |0<0.
Recalling that Fm=min[F(a), F(b)] we compute
J(|0)=|
0 {
k(x)
2
|{|0 |2&F(|0)= dx
=&F(a) |0i "Q+$ |&F(b) |0e"Q
&
$ |+|
Q$ {
k(x)
2
|{|0 |2&F(|0)= dx
=&Fm( |0"Q$ | )&Fm |Q$ |+|
Q$ {
k(x)
2
|{|0 |2= dx
&Fm |0|+|
Q$ {
k(x)
2
|{|0 | 2= dx.
Thus in order to have the condition
J(|0)<=0&FM |0|
satisfied it suffices to require
=0>(FM&Fm) |0|+|
Q$ {
k(x)
2
|{|0 |2= dx. (3.1)
Now if
kM, Q$ ] max[k(x), x # Q$]
then
|
Q$
k(x)
2
|{|0 |2 dx
kM, Q$
2 |Q$ |{|0 |
2 dx
=
kM, Q$
2
(b&a)2
$2 |Q$ |{d(x)|
2 dx
=
kM, Q$
2
(b&a)2
$2
|Q$ |
since |{d(x)|=1, a.e. in Q$ .
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Hence substituting for =0 (see Lemma 2.1), we conclude that (3.1) will be
satisfied if
FM min { |Oi | min _*2(Oi) km, if $(0) , 1& , |Oe | min _
*2(Oe) km, e
f $(0)
, 1&=
>(FM&Fm) |0|+
kM, Q$
2
(b&a)2
$2
|Q$ | .
(3.2)
Since we are working toward singling out a diffusivity function k(x) so
that (3.2) is satisfied we may choose k large enough on Oi and Oe so as to
satisfy
km, i>
f $(0)
*2(Oi)
and km, e>
f $(0)
*2(Oe)
.
Note that *2(Oi) and *2(Oe) do not depend on km, i and km, e , respec-
tively, and that $ is fixed. Now once km, i and km, e are chosen we further
require
FM min[ |Oi |, |Oe |]>(FM&Fm) |0|+
kM, Q$
2
(b&a)2
$2
|Q$ |. (3.3)
For a fixed $>0, if FM=Fm then it suffices to take kM, Q$ small enough
in order to have (3.3) satisfied. However, if FM>Fm there are some restric-
tions. Since we have fixed Oi , Oe and S, (3.3) can still be satisfied as long
as FM&Fm is small enough.
In particular, since min[ |Oi |, |Oe |]<(|0|2), then necessarily FM>
Fm>(FM 2).
Note that the closer Fm is to FM 2 the closer |Oi _ Oe | gets to |0|. But
in this case the location of S is no longer arbitrary. Instead it has to be
located near a locus which splits the domain 0 into two subdomains, each
of which having volume equal to |0|2.
We have thus proved the following result which is a consequence of
Theorem 2.1.
Corollary 3.1. Let Oi , Oe , S, and Q$ be as above. Then (P) possesses
at least one stable equilibrium solution in Wc .
See Fig.1 for an illustration in R2 of a diffusivity function k(x), x # 0,
which give rise to a stable equilibrium in Wc for problem (P).
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FIG. 1. Illustration of a typical diffusion function for N=2.
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